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Problem 14) 

a) ∫ 𝑥𝑥𝑘𝑘−1d𝑥𝑥𝑁𝑁+1
1 = ∑ ∫ 𝑥𝑥𝑘𝑘−1d𝑥𝑥𝑛𝑛+1

𝑛𝑛
𝑁𝑁
𝑛𝑛=1      →       1

𝑘𝑘
[(𝑁𝑁 + 1)𝑘𝑘 − 1] = 1

𝑘𝑘
� [(𝑛𝑛 + 1)𝑘𝑘 − 𝑛𝑛𝑘𝑘]𝑁𝑁

𝑛𝑛=1
 

 →   (𝑁𝑁 + 1)𝑘𝑘 − 1 = ∑ �∑ �𝑘𝑘𝑚𝑚�𝑛𝑛
𝑚𝑚𝑘𝑘

𝑚𝑚=0 − 𝑛𝑛𝑘𝑘�𝑁𝑁
𝑛𝑛=1 = ∑ ∑ �𝑘𝑘𝑚𝑚�𝑛𝑛

𝑚𝑚𝑘𝑘−1
𝑚𝑚=0

𝑁𝑁
𝑛𝑛=1 = ∑ �𝑘𝑘𝑚𝑚�

∑ 𝑛𝑛𝑚𝑚𝑁𝑁
𝑛𝑛=1

𝑘𝑘−1
𝑚𝑚=0  

 →    � �𝑘𝑘𝑚𝑚�𝑆𝑆𝑁𝑁
(𝑚𝑚)

𝑘𝑘−1

𝑚𝑚=0
= (𝑁𝑁 + 1)𝑘𝑘 − 1. 

b) 𝑘𝑘 = 1:           𝑆𝑆𝑁𝑁
(0) = 𝑁𝑁             (that is, 10 + 20 + 30 + ⋯+ 𝑁𝑁0 = 𝑁𝑁). 

 𝑘𝑘 = 2:           𝑆𝑆𝑁𝑁
(0) + �2

1� 𝑆𝑆𝑁𝑁
(1) = (𝑁𝑁 + 1)2 − 1     →      𝑆𝑆𝑁𝑁

(1) = 𝑁𝑁(𝑁𝑁 + 1) 2⁄ . 

 𝑘𝑘 = 3:           𝑆𝑆𝑁𝑁
(0) + �3

1� 𝑆𝑆𝑁𝑁
(1) + �3

2� 𝑆𝑆𝑁𝑁
(2) = (𝑁𝑁 + 1)3 − 1 

 →  𝑁𝑁 + 3𝑁𝑁(𝑁𝑁 + 1) 2⁄ + 3𝑆𝑆𝑁𝑁
(2) = 𝑁𝑁3 + 3𝑁𝑁2 + 3𝑁𝑁 

 →   𝑆𝑆𝑁𝑁
(2) = 𝑁𝑁(2𝑁𝑁2 + 3𝑁𝑁 + 1) 6⁄ = 𝑁𝑁(𝑁𝑁 + 1)(2𝑁𝑁 + 1) 6⁄ . 

 𝑘𝑘 = 4:           𝑆𝑆𝑁𝑁
(0) + �4

1� 𝑆𝑆𝑁𝑁
(1) + �4

2� 𝑆𝑆𝑁𝑁
(2) + �4

3� 𝑆𝑆𝑁𝑁
(3) = (𝑁𝑁 + 1)4 − 1 

 →  𝑁𝑁 + 2𝑁𝑁(𝑁𝑁 + 1) + 𝑁𝑁(𝑁𝑁 + 1)(2𝑁𝑁 + 1) + 4𝑆𝑆𝑁𝑁
(3) = 𝑁𝑁4 + 4𝑁𝑁3 + 6𝑁𝑁2 + 4𝑁𝑁 

 →   𝑆𝑆𝑁𝑁
(3) = [𝑁𝑁(𝑁𝑁 + 1) 2⁄ ]2. 

Repeating the procedure for successive values of 𝑘𝑘 enables one to obtain closed form 
expressions for 𝑆𝑆𝑁𝑁

(𝑚𝑚) corresponding to larger values of 𝑚𝑚. 
 


